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Abstract
Vertical pump and motor structures are particularly susceptible to a resonance condition created by the coincidence of the operating RPM1 with the natural frequency of the pump structure. In this study, vertical pump is modelled by clamped-free cylindrical shell which is submerged in fluid and the effects of the geometry characteristics on natural frequency are investigated. Love's linear strain theory equations with beam functions as axial modal function
have been applied to model the shell and boundary condition, respectively. The cantilevered
cylindrical shell with open ends is partially submerged in a liquid which is assumed to be incompressible and inviscid, the liquid motion can be described as the velocity potentials written in terms of the appropriate Bessel functions for both the inner and the outer liquid regions. The kinetic energy of the ﬂuid is derived by solving a boundary-value problem related
to the ﬂuid motion and potential energy of the shell is derived by plane stress. Finally the
natural frequency is obtained using energy functional by the Lagrangian function with Rayleigh-Ritz method. The validity of the theoretical method is compared with other researches.
The effects of the submerged depth, fluid type, and geometry characteristics on natural frequency are demonstrated.
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1.

Introduction

Centrifugal pumps are among the more versatile and widely used pieces of rotating mechanical equipment found today. Pumps are essential in almost all utilities services and power generation
plants. It is estimated that pumps consume approximately 31% of rotating equipment electrical
power used throughout industry. Pumps are a vital part of our lives on the planet today.
Centrifugal pumps are subjected to operational forces generated by their operating speed, system head, pressure and piping arrangement. These operational forces cause forced vibration and
may originate from the rotating parts or operating conditions. Pump structure and fluid- structure
interaction cause free vibration. This vibration reduces the expected life of the pump bearings and
other components.
Vibration analysis of vertical pump by condition monitoring devices has been investigated by
a large number of researchers but modelling it which is submerged in fluid by theoretical approach
and effect of geometry characteristics hasn't been investigated.
Smith studied on the vibration analysis of vertical pump experientially [1]. Beekman investigated resonant vibrations in vertical pumps and showed how it can be managed [2]. Meher studied
optimal foundation design of a vertical pump assembly by using ﬁnite element method [3]. Baoyun
investigated guide bearing probability load theory of large vertical pump and established the probability load theory of the guide bearing for first time [4]. Abdel-Rahman studied on the diagnosis
vibration problems of pumping stations [5]. Nikumbe studied on the modal analysis of vertical turbine pump by using finite element method [6].
In the fluid-structure interaction subjects, Amabili obtained free vibration problem of circular
cylindrical shells half-filled with liquid analytically [7]. Ergin examined the dynamic characteristics
(i.e., natural frequencies and mode shapes) of a partially filled and/or submerged, horizontal cylindrical shell [8]. Sharma developed an analytical investigation of the natural frequency response of
multi-layered orthotropic circular cylindrical shells partially submerged in or filled with nonviscous incompressible fluid [9]. Askari studied the dynamic characteristics of a circular cylindrical
shell in contact with a liquid theoretically. The cantilevered cylindrical shell with open ends is partially submerged in a liquid [10]. Kwak investigated the free ﬂexural vibration of a hung clampedfree cylindrical shell partially submerged in a ﬂuid [11]. Bae investigated the effects of the boundary conditions such as the existence of the external wall, internal shaft, and bottom on the natural
vibration characteristics of the partially submerged cylindrical shell both theoretically and experimentally [12].
However, they did not consider the effect of the hanging vertical pump partially submerged in
a liquid on natural frequency. In this study, the effect of external ﬂuids coupled with a partially
submerged clamped-free vertical pump that internal space filled of fluid is evaluated. In particular,
the effects of the external fluid level with geometric characteristics on natural frequency are investigated in detail.

2.

Formulation

2.1 Structural Modelling
In vertical pump body Fig.1, the thickness of body is geometrically neglected in comparison
with the radius so it is assumed cylindrical shell and can be applied the theoretical formulation of
thin-wall structures. Fig.2 shows the coordinate system of a containing fluid cylindrical shell which
is submerged in fluid. The geometrical parameters of the cylindrical shell are mid-surface radius
(R), thickness of cylindrical shell (h), and length (L), the external surface of wetted region (Lfo) and
mass density of fluid (ρf). The cylindrical shell is assumed to be thin with a uniform thickness. The
displacement components in the x, θ and z directions are denoted by u, v and w, respectively.
Young’s modulus E, the Poisson's ratio ν, and the mass density ρ are the material parameters where
the subscript s and f denotes shell material and fluid, respectively.
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Figure 2. Vertical pump schematic

Figure 1. Coordinate system of containing fluid
cylindrical shell submerged in fluid

Based on the state of generalized plane stress of shells, the normal stress is assumed to be zero
in the radial direction. In this regard, the fundamental equations of the shell for a thin cylindrical
shell can be expressed by Hook's law in two dimensional as
(1)
s   Qs   
{σ} and {ε} are the vectors of stress and strain, respectively; and [Q] denote the elastic constants matrix for shell material. The strain vector {ε} in its component form is defined as:
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Where ε1, ε2 and γ are reference surface strains, and k1, k2 and τ are the surface curvatures.
The linear deflection and curvatures are defined by Love's theory as [13]:
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The force and moment resultants for a cylindrical shell are written in the integral forms, respectively.
h

N x ,N  ,N x    h2  x , , x  s dz

(4)

2

h

M x ,M  ,M x    h2  x , , x  s zdz

(5)

2

Where Nx, Nθ, and Nxθ are force components in axial, circumferential, and shear directions.
Mx, Mθ, and Mxθ are moment components in axial, circumferential, and shear direct-ions. Eqs.(4)
and (5) can also be rewritten in the matrix form as:
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N   K      A B   
B

(6)

D 

Where [K] is stiffness matrix and A, B and D are sub-matrices of extensional, coupling, and
boundary stiffness, respectively and are given as [13]:
 A11 A12

 A    A12 A 22
 0
0


h

A ij   h2 Qij s dz
 2
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(7)

h

D ij   h2 Qij s z 2dz
 2

B ij   h2 Qij s zdz
 2

2.2 Governing equations of external and internal fluid
As to apply the effects of internal and external fluid, the kinematic energy must be considered.
It is assumed here that the vibrating cylindrical shell is either completely filled with an incompressible in-viscid liquid performing a potential motion. Total potential fluid can be expressed in terms
of following:
i
e
   
(8)
The potential function Ф for a compressible non-viscous liquid must satisfy the following
equation [9]:
2
  0
(9)
Eq.(9) reduces to Laplace equation in polar coordinates (r,,x), i.e.
1

1

2

2

rr  r  2   xx   m    2 
r
C
r

(10)

Where  and c are natural frequency and speed of sound respectively. since the shell displacement components have been assumed to be periodic in x and θ it can be assumed that the fluid
motion is also periodic with respect to these variables.
(11)
  r , ,x     r  P (x ) cos  n 
Where m, n and P(x) are the axial wave numbers, circumferential wave numbers and longitudinal mode shape, respectively. It is assumed that both ends are to be open, so [14]
(12)
P ( x )  sin  m x 
The general solution of Eq.(10) in the case of axisymmetric boundary conditions is [14]
(13)
  r ,   F (r ) cos  n 
By sub-situating for Ф from Eqs.(11), (12) and (13) into the Laplace's equation:
2  n 2 
d 2F ( r ) 1 dF ( r ) 

 m 2       F ( r )
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r dr
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0

(14)

This clearly is a modified Bessel's equation in Ф with general solution.
For internal fluid given by:
 m r 

 L 

(15)

 m r 

 L 

(16)

  r   AI n 

And for external fluid given by:
  r   AI n 

Here In and Kn are the modified Bessel function of order n and of first and second kind, respectively. If both ends of the ﬂuid volume are assumed to be open, so that a zero pressure is assumed there, the boundary conditions
(17)
 x 0   x L  0
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When the thickness of the shell is assumed to be thin, the radial liquid velocity along the inner
wetted shell surface must be identical to the radial velocity of the flexible shell [11] [12], so
For internal fluid boundary condition:
w


t
r r R

(18)

And for external fluid boundary condition:
w


t
r r R

(19)

2.3 Lagrange energy equations
Considering the displacements as periodic functions, they can be expressed in Fourier series
form as [15]:
 
d
i t
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dx
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i mn t

Where Umn, Vmn and Wmn are constants, and ωmn is natural frequency. The axial modal function Γ(x) in Eq.(20) is chosen to satisfy condition at both ends of the cylindrical shell. The beam
modal function has been chosen as the axial modal function and expressed [16].
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For clamped-free condition, there is the values factor in table 1.
Table 1. Values of the axial modal function constants for C-F boundary condition
i

m

m

1=3=1
2=4= -1

cosm coshm= -1

)sinhm - sinm)/(coshm + cosm)

The energy method developed by Ritz applies the principle of minimum potential energy and
minimum kinetic energy. To determine the natural frequency of vibration for cylindrical shell, the
Rayleigh-Ritz method is used. The energy functional (Π) defined by the Lagrangian function for
vibration of cylindrical shell.
  T max  U max
(22)
The total kinetic energies of the system can be represented as the sum of the kinetic energies
of the shell, internal fluid and external fluid.
T  Ts  T i  T e
(23)




The kinetic energy of the shell is given by [15]:
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The kinetic energy of the internal and external fluid is given by [11] [12]:
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(25)
(26)

Where Lo is external fluid level. The potential energy of shell is given by [15]:
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U 

3.

1 L 2
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(27)

Results and discussion

By substituting Eqs.(3) and (6) into (24) and also Eqs.(11) and (16) into Eqs.(24), (25) and
(26) and applying Rayleigh-Ritz method with minimizing the energy functional Π with respect to
the unknown coefficients as follows:



(28)


0
U
V
W
Thus, a set of equation that includes three equations of motion for cylindrical shells submerged in fluid is obtained. The three governing eigen-values of the equations of motion can be
expressed in matrix form as:
C11 C12 C13  U
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C
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0 0


0  U
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(29)

In this paper, these equations are solved using MATLAB coding software and the smallest of
the three positive roots is the natural frequency characteristic of interest in the present study. These
benchmark shells have the characteristics in tables 2.
Table 2. Cylindrical shell characteristics
Length

Radius

6.6 m

0.4 m

Thickness
0.01 m

Density

Elasticity Module

Poisson ratio

8166 kg/m3

2.08 1011

0.318

Numerical results on table 3 for a clamped-free aluminium circular cylindrical shell having
the following dimension and material properties: L=0.30531 m, R=0.073914 m, h=0.000178 m,
=0.3, E=6.82581010 Pa, and =2712.2 kg/m3. Very good agreement can be seen.
Table 3. Comparison of the natural frequencies obtained by the present approach with those reported
by Kurylov [17]
Result
Present study
Ref [17]

n=2

n=3

n=4

n=5

n=6

n=7

n=8

n=9

457.1
456.4

234.2
233.9

175.2
175.7

205.1
205.3

279.5
279.4

377.9
377.6

495.2
494.1

628.8
627.1

As shown in Fig.3, the variation of the natural frequency for n= [1-10] as circumferential
wave number and m= [1-6] as axial wave number which it is filled fluid. It can be readily seen from
Fig.3 that the fundamental frequency is found to be [n, m] = [1, 1] (11=65.83 Hz). Natural frequency converge as the number of admissible functions increases. Based on the numerical results,
five admissible functions can be chosen for the numerical analysis.

Figure 3. Variations of natural frequencies C-F fluid-filled cylindrical shell without external fluid
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In following, the effects of geometry characteristics and external fluid level on the natural frequency are shown. With according to vertical pumps operation, it is assumed that inside the fluidfilled shell and external fluid level is constant in suction status for all calculation.
As shown in Fig.4, the natural frequencies for the various external fluid levels decrease for
fixed circumferential wave number but they increase with increasing the circumferential wave
number n for the ﬁxed axial mode number m due to the separation effect, as depicted in Refs. [10]
and [18]. The separation effect means that an increase of the circumferential modes produces the
nodal points along the periphery of the shell and it divides the circumferential liquid ﬂow near the
shell. At the same time, it reduces the highly vibrated surface of the shell. As a result, the effect of
the liquid inertia decreases.
The natural frequencies of the cylindrical shell as a function of the submerged depth ratio
(Lfo) for m= [1, 3] as axial mode number as shown in Figs.5-7. It can be observed in the ﬁgures that
the wet natural frequencies decrease with the submerged depth ratio. Therefore, the lowest frequencies occur for the fully submerged case.
As shown in Fig.5, the natural frequencies in first circumferential mode decrease rapidly even
for the small fluid heights. If the fluid height is more than half of the shell length, then the natural
frequencies vary slowly.
As shown in Figs.6 and 7, the change of the natural frequency is not uniform due to the mode
shape and nodal points. It is observed that the number of the transition plateaus in the natural frequencies increase, one by one with the axial mode number m. The transition plateaus means that as
the axial nodal points increase, the fluid particles moving in vertical direction will be separated into
up and down directions by the number of axial nodal points of the shell [10][18]. As a result, that
the number of transition plateaus of natural frequencies is identical to that of axial nodal points of
the shell. It is shown in Fig.8.

Figure 4. Variations of natural frequencies C-F fluid-filled cylindrical shell with various external fluid
level for n= [1, 4]
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Figure 5. Effect of the submerged depth ratio (Lfo) on the fluid-filled natural frequency of the cylindrical shell for the first axial mode m=1

Figure 6. Effect of the submerged depth ratio (Lfo) on the fluid-filled natural frequency of the cylindrical shell for the second axial mode m=2

Figure 7. Effect of the submerged depth ratio (Lfo) on the fluid-filled natural frequency of the cylindrical shell for the third axial mode m=3
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Figure 8. Effect of the axial mode shapes and liquid levels on the transition plateaus phonumena
Ref.[18]

As shown in Fig.9, the fundamental natural frequency increase by increasing the radius of
shell. The effects of external fluid level on the fundamental frequency are very little for fixed radius
and the fundamental natural frequency decrease by increasing external fluid level.

Figure 9. Variations of fundamental natural frequency C-F fluid-filled cylindrical shell with various
external fluid level and radius of shell

As shown in Fig.10, the fundamental natural frequency decrease by increasing the length of
shell. In fact the kinematic energy of internal fluid increase when the length of shell increase.
As shown in Fig.11, the fundamental natural frequency increase by increasing the thickness of
shell since the thickness increase the stiffness of shell.

4.

Conclusion

In this paper, the free vibrations of clamped-free fluid-filled vertical pump are analysed. As
this study, the vertical pump is modelled by cylindrical shell. Love's linear large deflection theory is
applied to model the cylindrical. The shell deformation is described in terms of longitudinal, circumferential and radial displacement fields. A semi analytical approach, where in the displacement
fields are expanded by means of a double mixed series based on harmonic functions for the longitudinal, circumferential and radial variables, is proposed to characterize the linear response of the
cylindrical shell.
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The properties of fluid are assumed to be in-viscid, ir-rotational, and incompressible with external fluid level Lo and mass density ρf. Velocity potential of the fluid and finally potential and
kinetic energy are obtained. The natural frequencies of cylindrical shells are obtained for linear
analysis and compared with the available results in the literature and a good agreement seen.
The numerical example that amounts to a real vertical pump shows that the natural frequencies increase with increasing the circumferential wave number n for the ﬁxed axial mode number m
due to the separation effect. The wet natural frequencies decrease with the submerged depth ratio.
Therefore, the lowest frequencies occur for the fully submerged case. It is observed that the number
of the transition plateaus in the natural frequencies increase, one by one with the axial mode number
m. Also the effect of geometry characteristics shell on the natural frequency is found.

Figure 10. Variations of fundamental natural frequency C-F fluid-filled cylindrical shell with various
external fluid level and length of shell

Figure 11. Variations of fundamental natural frequency C-F fluid-filled cylindrical shell with various
external fluid level and thickness of shell
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